Published by Institute of Physics Publishing for SISSA/ISAS Received: October 10, 2003 Revised: November 21, 2003 Accepted: December 11, 2003

Time dependent supergravity solutions in arbitrary dimensions

Somdatta Bhattacharya and Shibaji Roy

Saha Institute of Nuclear Physics 1/AF Bidhannagar, Calcutta-700 064, India E-mail: som@theory.saha.ernet.in, roy@theory.saha.ernet.in

Abstract: By directly solving the equations of motion we obtain the time dependent solutions of supergravities with dilaton and a q-form field strength in arbitrary dimensions. The metrics are assumed to have the symmetries ISO(p + 1) × SO(d − p − 2, 1) and can be regarded as those of the magnetically charged euclidean or space-like branes. When we impose the extremality condition, we find that the magnetic charges of the branes become imaginary and the corresponding real solutions then represent the Ep-branes of type II^∗ theories (for the field-strengths belonging to the RR sector). On the other hand, when the extremality condition is relaxed we find real solutions in type-II theories which resemble the solutions found by Kruczenski-Myers-Peet. In d = 10 they match exactly. We point out the relations between the solutions found in this paper and those of Chen-Gal’tsov- Gutperle in arbitrary dimensions. Although there is no extremal limit for these solutions, we find another class of solutions, which resemble the solutions in the extremal case with imaginary magnetic charges and the corresponding real solutions can be regarded as the non-BPS Ep-brane solutions of type-II^∗ theories (for the field-strengths in RR sector).

Keywords: Superstrings and Heterotic Strings, p-branes, D-branes, AdS-CFT and dS-CFT Correspondence.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep122003015 /jhep122003015 .pdf

Contents

1. Introduction 1

2. General extremal euclidean brane solutions 3

3. S-brane solutions in arbitrary dimensions 6 3.1 Relation with the KMP solution 9 3.2 Relation with the CGG solution 11

4. Another non-extremal euclidean brane solutions 14

5. Conclusion 15

1. Introduction

Low energy effective actions of (dimensionally reduced) string/M theories are known [1]– [4] to admit various kinds of time dependent solutions. These solutions are interesting from the cosmological point of view [3, 4] and are believed to shed light on the dS/CFT correspondence [5]–[8]. One particular class of solutions which might be useful in this context were assumed in the literature to have the symmetry ISO(p + 1) × SO(d − p − 2, 1) of the metric in d space-time dimensions and can be regarded as those of magnetically charged euclidean or Space-like branes [9] (Sp-branes^1 for short). These solutions were found by Kruczenski-Myers-Peet (KMP) in d = 10 [10] and by Chen-Gal’tsov-Gutperle (CGG) in arbitrary d [11] in two different coordinate systems. Though in d = 10, these two solutions can be shown [12] to be equivalent by a coordinate transformation, the two coordinate systems have the advantages of their own. So, for example, the solutions in CGG coordinates were found to be useful to obtain a four-dimensional FRW universe with accelerating cosmology [13, 14], whereas, the KMP coordinates are more suitable to understand the dS/CFT correspondence.

In [10], KMP obtained the supergravity S-brane solutions in d = 10, starting from the known solutions [15] of vacuum Einstein equation in d = 11 with appropriate symmetries and using a rotation, compactification to d = 10 as well as applying T-duality symmetries [16, 17]. This way one could avoid solving the non-linear differential equations resulting from Einstein’s equations. In this paper, we directly solve the non-linear equations of motion (in KMP coordinates) of the supergravities containing the dilaton and an abitrary rank field-strength to obtain the S-brane solutions in d dimensions. We assume the metrics to have the symmetries ISO(p + 1) × SO(d − p − 2, 1) and therefore obtain only the localized and isotropic (as opposed to ref. [10], where anisotropic S-brane solutions were

1Sp-branes by definition have (p + 1)-dimensional euclidean world-volume.

– 1 – also found) S-brane solutions. One advantage of this direct method is that one can see what are the other kinds of solutions the equations of motion admit. In fact, we find that if the extremality condition (similar to the static BPS p-brane solutions [18]) is assumed to hold, the magnetic charges of the branes become imaginary. This implies that the corresponding real solutions represent Ep-branes of type II^∗ theories when the field-strengths belong to RR sector. The ‘starred’ theories were introduced by Hull [19] in studying the compactifications of type-II string theories on a time-like circle.^2 Actually, it was shown there that type-IIA (IIB) string theory compactified on a time-like circle of radius R is equivalent to type-IIB^∗ (IIA^∗) string theory compactified on a dual time-like circle of radius 1/R. The ‘starred’ theories have a number of problems as emphasized by Hull in [19]. However, if time-like T-duality is consistent in string theories, then ‘starred’ theories are also consistent as string theories. It was pointed out in [19] that ‘starred’ string theories truncated to the supergravity level may give rise to theories with ghosts, but the full string theories would be ghost-free as they are equivalent to the ordinary type-II theories by a T-duality (time-like) transformation. On the other hand, if the extremality condition is relaxed, then real solutions can be found in type-II theories and the equations of motion can be solved consistently if we introduce at least three unknown parameters.^3 These solutions resemble the solutions obtained by KMP in [10]. In d = 10 they match exactly with the KMP solutions for the isotropic case. We also point out how these solutions in arbitrary d are related to the solutions found by CGG in ref. [11] by a coordinate transformation. We note that there is no extremal limit for these solutions. However, there exist another class of solutions for which the magnetic charges are imaginary and resemble the solutions in the extremal case and we point out that the corresponding real solutions represent the non-BPS Ep-branes of type-II^∗ theories again for the field-strengths in RR sector.

This paper is organized as follows. In section 2, we obtain the time dependent solution of the supergravity equations of motion with the metrics having the symmetries ISO(p + 1) × SO(d − p − 2, 1) and the components satisfying the extremality condition. Here we obtain the euclidean brane solutions with imaginary magnetic charges, representing the Ep-branes of type-II^∗ theories. In section 3, we relax the extremality condition and obtain real time dependent solutions in type-II theories characterized by three parameters. In subsection 3.1, we show that for d = 10, our solutions match exactly with those obtained by KMP in [10]. In subsection 3.2, we show how for arbitrary d our solutions are related to those of CGG by a coordinate transformation similar to that found in [12]. In section 4, we discuss another class of solution which is non-extremal but is very similar to the extremal solutions found in section 2 and the magnetic charges are imaginary. We point out that these solutions can be interpreted as the non-BPS Ep-brane solutions of type-II^∗ theories. We conclude our paper in section 5.

2The actions for the ‘starred’ theories can be obtained from those of the orinary theories by changing the signs of the kinetic terms of the RR sector gauge fields, but the kinetic terms of the NSNS sector gauge fields do not change sign.

3Here we also restrict our metrics to become asymptotically flat (in Rindler coordinates) and the dilaton to approach unity. If we do not impose this restriction, then our solutions will be characterized by an additional parameter.

– 2 –

2. General extremal euclidean brane solutions

In this section we discuss the euclidean brane^4 solutions of supergravity equations of motion in d-dimensions when the metric components satisfy an extremality condition similar to the static BPS p-brane solutions. The d-dimensional action of a graviton, dilaton and a q-form field-strength with dilaton coupling a in Einstein frame has the form, S = ∫ d^dx √ −g [ R − 1 2 ∂_μϕ∂^μϕ − 1 2 · q! e^{aϕ}F^2_{[q]} ] . (2.1)

The above action is quite general and consists of the bosonic sector of (dimensionally reduced) string/M theories. The field-strength in (2.3) is real, but as pointed out in [19], it could be imaginary if, for example, it belongs to RR sector of type-II theory. For the latter case, the action could be obtained from the so-called ‘starred’ theory with the real field-strength but the kinetic term will have opposite sign from that of ordinary theory.

The equations of motion following from (2.1) have the forms, R_{μν} − 1 2 ∂_μϕ∂_ν ϕ − e^{aϕ} 2(q − 1)! [ F_{μα2...αq} F^{α2...αq} ν − q − 1 q(d − 2) F^2_{[q]}g_{μν} ] = 0 (2.2) ∂_μ (√ −ge^{aϕ}F^{μα2...αq} ) = 0 (2.3) 1 √ −g ∂_μ (√ −g∂^μϕ ) − a 2 · q! e^{aϕ}F^2_{[q]} = 0 . (2.4)

We will solve the above equations with the following ansatz,

ds^2 = e^{2A(t)} ( −dt^2 + t^2dH^2_{d−p−2} ) + e^{2B(t)} ( dx^2_1 + · · · + dx^2_{p+1} ) (2.5) F_{[q]} = b Vol(H_{d−p−2}) . (2.6)

Here ‘t’ is a time-like coordinate and A, B are functions of ‘t’ whose forms will be obtained by solving the equations of motion (2.2)–(2.4). dH^2_{d−p−2} is the line element of a unit (d − p − 2) dimensional hyperbolic space and Vol(H_{d−p−2}) is its volume-form. q = d − p − 2 is the rank of the field-strength and b is the magnetic charge. Note that the metric in (2.5) has the symmetry ISO(p + 1) × SO(d − p − 2, 1). The Ricci tensor of the hyperbolic space is given as R̄_{ab} = −(q − 1)ḡ_{ab}, with ḡ_{ab} being its metric. Also the metric has the form of an euclidean brane with (p + 1)-dimensional world-volume whose transverse space metric, upto a conformal factor e^{2A(t)}, can be written as,

−dt^2 + t^2dH^2_{d−p−2} = −dt^2 + t^2dψ^2 + t^2 sinh^2 ψdΩ^2_{d−p−3} = −dt̃^2 + dr^2 + r^2dΩ^2_{d−p−3} (2.7)

with dΩ^2_{d−p−3} being the line element of unit (d − p − 3)-dimensional sphere. In the last expression of (2.7) we have used t^2 = t̃^2 − r^2 and tanh ψ = r/t̃. This shows that the transverse space is flat upto a conformal factor in t̃, r coordinates and the metric has the required symmetry, since e^{2A(t)} is invariant under SO(d − p − 2, 1). We will also

4Euclidean branes in type-II theories are termed as S-branes, whereas euclidean branes in type II^∗ theories are termed as E-branes for the field-strengths belonging to RR sector.

– 3 – assume that A(t), B(t) will vanish as t → ∞, i.e. the metric is asymptotically flat (in Rindler coordinates). So, (2.5) and (2.6) represent the magnetically charged euclidean branes. The corresponding electrically charged branes can be obtained by using g_{μν} → g_{μν} , F → e^{−aϕ} ∗ F , ϕ → −ϕ, where ∗ is the d-dimensional Hodge dual.

Since eq. (2.3) is satisfied with the ansatz (2.6), we will solve (2.2) using the ansatz (2.5), (2.6). The non-zero components of the Ricci tensor are given below,

R_{tt} = −(p + 1) [ B̈ + Ḃ^2 − ȦḂ ] − q [ Ä + Ȧ t ]

R_{xx} = e^{2B−2A} [ B̈ + (q − 1)ȦḂ + (p + 1)Ḃ^2 + q Ḃ t ]

R_{ab} = t^2 [ Ä + (q − 1)Ȧ^2 + (2q − 1) Ȧ t + (p + 1)Ḃ ( Ȧ + 1 t )] ḡ_{ab} . (2.8)

Now we note that if we use the extremality condition similar to the static BPS p-brane,

(p + 1)B + (q − 1)A = 0 (2.9)

then the components of the Ricci tensor given in (2.8) simplify to R_{tt} = − ( Ä + q t Ȧ + (q − 1)(d − 2) p + 1

Ȧ^2 )

R_{xx} = e^{2B−2A} ( B̈ + q t Ḃ )

R_{ab} = t^2 ( Ä + q t Ȧ ) ḡ_{ab} . (2.10)

Here ‘dot’ represents the derivative with respect to t. Substituting R_{xx}, R_{ab}, R_{tt} in (2.2) and from the ϕ equation in (2.4) we get, B̈ + q t Ḃ + b^2(q − 1)

2(d − 2) e^{2(p+1)B+aϕ} t^{2q} = 0 (2.11) Ä + q t Ȧ − b^2(p + 1)

2(d − 2) e^{2(p+1)B+aϕ} t^{2q} = 0 (2.12) Ä + q t Ȧ + (q − 1)(d − 2) (p + 1)

Ȧ^2 + 1 2 ϕ̇^2 + b^2(q − 1)

2(d − 2) e^{2(p+1)B+aϕ} t^{2q} = 0 (2.13) ϕ̈ + q t ϕ̇ + ab^2 2 e^{2(p+1)B+aϕ} t^{2q} = 0 . (2.14)

Comparing R_{xx} equation (2.11) and ϕ equation (2.14) we find, ϕ = a(d − 2) q − 1 B . (2.15)

Now using the extremality relation (2.9), we note that R_{xx} and R_{ab} equations given in (2.11) and (2.12) are identical and take the form, B̈ + q t Ḃ + b^2(q − 1) 2(d − 2) e^{Bχ} t^{2q} = 0 (2.16)

– 4 – where we have used eq. (2.15). Also, in the above χ = 2(p + 1) + a^2(d − 2)/(q − 1). Now if H(t) is a harmonic function^5 in the (q + 1) = (d − p − 1)-dimensional transverse space, then H(t) satisfies, Ḧ + q t Ḣ = 0 . (2.17)

Putting e^B = H^α, where α is a constant to be determined from eq. (2.16), this equation reduces to a first order differential equation of H. Then H is determined from eq. (2.16) as,

H = [ 1 + √ b^2 2(q − 1)(d − 2)α 1 t^{q−1} ] (2.18)

and the constant α is given as, α = −2/χ. Now since χ > 0, we have α < 0, therefore demanding the harmonic function H to be real we find b^2 < 0. In other words, the q-form field-strength F_{[q]} given in (2.6) is purely imaginary. We therefore have,

e^{2B} = H^{2α} = H^{−4/χ} , e^{2A} = e^{− 2(p+1)q−1 B} = H^{4(p+1)χ(q−1)} . (2.19)

The solutions then take the form,

ds^2 = H^{4(p+1)χ(q−1)} ( −dt^2 + t^2dH^2_{d−p−2} ) + H^{− 4χ} ( dx^2_1 + · · · + dx^2_{p+1} ) F_{[q]} = bVol(H_q) , e^{2ϕ} = H^{− 4a(d−2)(q−1)χ} (2.20)

with ‘b’ being purely imaginary and H is as given in (2.18). It can be easily checked that this solution satisfies R_{tt} equation (2.13). The solutions (2.20) represent (p+1)-dimensional euclidean branes with imaginary magnetic charges and the imaginary charge is a result of the extremality condition (2.9). The solutions are given in the Einstein frame and have exactly the same form as the static BPS p-brane solutions of type-II string theories [18]. For various values of a, χ and q they represent different brane solutions of (dimensionally reduced) string/M theories. A list of these parameters for d = 11, 10 is given in table I of ref. [11]. The only case we have to be careful is when q = 5 in d = 10. Because in that case, the field-strength would be self-dual and is not considered in our solutions. For this case the dilaton coupling a would be zero and by self-duality F^2_{[5]} = 0. Therefore from the dilaton equation of motion (2.7), we see that it can be set to a constant. The field-strength in that case would take the form,

F_{[5]} = b √ 2 (1 + ∗) Vol(H_5) . (2.21)

The metric can be obtained from (2.20) by putting a = 0. We note that when F_{[q]}’s belong to RR sector of string theories, the solutions (2.20) would be real if we start from ‘starred’

5We would like to point out that although we call this function as harmonic function (in analogy with static solutions) throughout this paper, it is not really a solution of (q + 1)-dimensional Laplace equation in spherical coordinates. It is rather a solution of Laplace-like equation in hyperbolic coordinates, where, there are one time-like and q space-like coordinates. Also t above is not a radial coordinate. It is a time-like coordinate with SO(d − p − 2, 1) invariance as mentioned earlier.

– 5 – theory action. Then the solutions (2.20) would represent the Ep-branes of type-II^∗ theories. However, when F_{[q]}’s belong to the NSNS sector, (2.20) would be real if the action contains kinetic terms of the NSNS sector gauge fields with signs opposite from those of the ordinary theories. But the relation between these theories and the ordinary type-II theories is not clear to us. Similar situation arises also for d = 11. In this case, F^2_{[4]} term or F^2_{[7]} term has opposite signs form that in ordinary M-theory. However, the dimensional reductions (along a space-like direction) of this theory leads neither to type-IIA theory nor to type- IIA^∗ theory. So, as in the previous case the relation between this M-theory and ordinary M-theory or type-IIA/IIA^∗ theory is not clear to us.

3. S-brane solutions in arbitrary dimensions

We have seen in the previous section that on imposing the extremality condition (2.9), the solutions of the equations of motion (2.2)–(2.4) become imaginary.^6 In this section, we will see that by relaxing the condition (2.9), we can get real solutions. We modify the condition (2.9) as follows,

(p + 1)B + (q − 1)A = ln G(t) . (3.1)

Now using (3.1) we obtain the non-zero components of the Ricci tensor from (2.8) as, R_{tt} = −Ä − G̈ G + Ġ2 G^2 − 1 p + 1 ( Ġ G − (q − 1)Ȧ )_2 − (q − 1)Ȧ^2 + Ġ G Ȧ − q t Ȧ (3.2)

R_{xx} = e^{2B−2A} ( B̈ + Ġ G Ḃ + q t Ḃ ) (3.3)

R_{ab} = t^2 ( Ä + q t Ȧ + Ġ G (Ȧ + 1 t ) ) ḡ_{ab} . (3.4)

Substituting these in (2.2) and (2.4), the R_{xx}, R_{ab}, R_{tt} and ϕ equations take the forms, B̈ + q t Ḃ + Ġ G Ḃ + b^2(q − 1) 2(d − 2) e^{2(p+1)B+aϕ} G^2t^{2q}

= 0 (3.5) Ä + q t Ȧ + Ġ G (Ȧ + 1 t ) − b^2(p + 1) 2(d − 2) e^{2(p+1)B+aϕ} G^2t^{2q}

= 0 (3.6)

−Ä − G̈ G + Ġ2 G^2 − 1 p + 1 ( Ġ G − (q − 1)Ȧ )_2 − (q − 1)Ȧ^2 + Ġ G Ȧ − q t Ȧ−

− 1 2 ϕ̇^2 − b^2(q − 1) 2(d − 2) e^{2(p+1)B+aϕ} G^2t^{2q}

= 0 (3.7) ϕ̈ + q t ϕ̇ + Ġ G ϕ̇ + ab^2 2 e^{2(p+1)B+aϕ} G^2t^{2q}

= 0 . (3.8)

6If we restrict ourselves only to type-II theories this would mean that for the time dependent case there are no extremal solutions. However, here we are using the notion of extremality in the broader sense including the ‘starred’ theories. The function G(t) defined below is called the non-extremality function also in this broader sense.

– 6 –

Using (3.1) into (3.6), we first convert this equation into an equation of the function B(t) and then using (3.5) we find an equation involving the function G(t) only (this gives a restriction on the form of the non-extremality function) as,

G̈ + 2q − 1 t Ġ = 0 . (3.9)

The solution of this equation is,

G(t) = 1 ± ω^{2(q−1)} t^{2(q−1)} (3.10)

where ω is an integration constant. We have also assumed that as t → ∞, G(t) → 1. However, note that in this limit there are no real solutions (except the flat space) of the equations of motion as discussed in the previous section. Since here we are discussing the real solutions, there will not be any extremal limit for the solutions we obtain later. We also point out that the upper sign in (3.10) does not lead to a real solution and we consider only the lower sign. Now G(t) can be split up as,

G(t) = 1 − ω^{2(q−1)} t^{2(q−1)} = ( 1 − ω^{q−1} t^{q−1} ) ( 1 + ω^{q−1} t^{q−1} ) = HH^′ (3.11)

where H(t) and H^′(t) are two harmonic functions in the (q + 1)-dimensional transverse space satisfying equations of the form (2.17). We can now try to solve the equations for B(t) in (3.5) in analogy with the previous section by choosing,

B = α ln H − β ln H^′ (3.12)

where α and β are two parameters to be determined from the equations of motion. Before using this form of B, we determine the form of ϕ in terms of B from equations (3.5) and (3.8). Using the last two equations we obtain, ( ϕ̈ − a(d − 2) q − 1 B̈ ) + q t ( ϕ̇ − a(d − 2) q − 1 Ḃ ) + Ġ G ( ϕ̇ − a(d − 2) q − 1 Ḃ ) = 0 . (3.13)

The solution to this equation is given by, ϕ = a(d − 2) q − 1 B + δ ln H H^′ (3.14)

where δ is an arbitrary constant and so,

e^{2(p+1)B+aϕ} = ( H H^′ )_{aδ} e^{Bχ} (3.15)

with χ = 2(p + 1) + a^2(d − 2)/(q − 1) as given before. Now using (3.15) and (3.12) in (3.5) we see that this equation can be consistently solved if α = 1 − aδ χ , β = − 1 + aδ χ . (3.16)

– 7 –

The solution then is, ω^{2(q−1)} = b^2χ 4(d − 2)(q − 1)

. (3.17)

However, it can be easily checked that this solution does not satisfy the R_{tt} equation (3.7). The reason is we have not introduced enough number of parameters and the system of equations (3.5)–(3.7) become overdetermined. In order to get around this situation we will use a different ansatz for B (other than (3.12)) introducing more parameters such that R_{tt} equation (3.7) can be made consistent. So, we take the form of B as,

e^B = [ cos^2 θ ( H H^′ )_α + sin^2 θ ( H^′ H )_β]γ = F^γ (3.18)

where F = [cos^2 θ(H/H^′)^α + sin^2 θ(H^′/H)^β ]. The justification for choosing this particular form of B can be understood as follows. We have seen before that e^B = (HH^′)^α(H^′)^{2aδ/χ} is inconsistent with the equations of motion. So, for δ = 0, e^B = (HH^′)^α is inconsistent. With the two harmonic functions H and H^′, we can form two other functions i.e. H/H^′ and H^′/H. So, e^B could be either (H/H^′)^α or (H^′/H)^β , with α, β having the same sign or it could be a linear combination of both of them. The linear combination would introduce more parameters necessary for the consistency of the equations of motion. Also, if we insist that as t → ∞, e^B → 1 then the only possible linear combination is as given in (3.18). We have further raised this function to the arbitrary power γ. Note that if we do not insist e^B → 1 as t → ∞ then F could take the form F = a^2_1(H/H^′)^α + a^2(H^′/H)^β and in that case instead of a single parameter θ, we introduce two parameters a_1 and a_2. Even in this case the equations of motion can be solved consistently. However, for simplicity we choose the form of e^B as in (3.18) and mention later how the solution would change with the additional parameter.

Now using the form of G (in eq. (3.11)), ϕ (in eq. (3.14)) and B (in eq. (3.18)) into eq. (3.5) we obtain, [ 4γ(q − 1)ω^{2(q−1)}(α + β)^2 sin^2 θ cos^2 θ ] Hα−β−2H′β−α−2 F^2 + b^2 2(d−2) H^{aδ−2}H^{′−aδ−2}F^{γχ} = 0 . (3.19) We thus obtain from here γχ = −2 , α − β = aδ ω^{2(q−1)} = b^2χ 16(d − 2)(q − 1)(α + β)^2 sin^2 θ cos^2 θ

. (3.20)

We thus get a consistent real solution of the equations of motion (3.5), (3.6) and (3.8) in terms of four parameters α, δ, ω and θ. Next we need to check whether this solution is consistent with R_{tt} equation (3.7). Substituting this solution into (3.7) we get for consistency a relation between the parameters as, 1 2 δ^2 + 2α(α − aδ)(d − 2) χ(q − 1) = q q − 1 . (3.21)

– 8 –

Since using (3.21) we can eliminate one of the two parameters α or δ we therefore have real solutions with three independent parameters α, ω and θ, very similar to the solutions obtained by KMP in d = 10 [10]. So, the complete isotropic and localized S-brane solutions in d-dimensions can be written as,

ds^2 = F^{4(p+1)(q−1)χ} (HH^′)^{2q−1} ( −dt^2 + t^2dH^2_{d−p−2} ) + F^{− 4χ} ( dx^2_1 + · · · + dx^2_{p+1} )

e^{2ϕ} = F^{− 4a(d−2)(q−1)χ} ( H H^′ )_{2δ}

F_{[q]} = b Vol(H_{d−p−2}) (3.22)

where F is given in eq. (3.18), H, H^′ are given in eq. (3.11) with ω given in (3.20). These solutions are characterized by four parameters α, δ, ω and θ with a relation between α and δ given in (3.21). If instead of taking e^B of the form (3.18), we had taken

e^B = [ a^2_1 ( H H^′ )_α + a^2 ( H^′ H )_β]γ = F^γ (3.23)

then the solutions will be characterized by an additional parameter and ω would be given as,

ω^{2(q−1)} = b^2χ 16(d − 2)(q − 1)(α + β)^2a^2_1a^2

. (3.24)

The solutions would then take exactly the same form as given in (3.22). Also, we would like to point out that in d = 10 and for q = 5, the field-strength is self-dual. This case is not included in our previous discussion and the equations of motion in this case need to be solved separately. However, the solutions can be obtained from (3.22) by setting a = 0 with the 5-form field-strength taking the form as given earlier in eq. (3.21) of section 2. Note that for d = 11, (3.22) would represent M-theory S-branes and in that case ϕ = 0. So, from (3.14) we find that a = 0 and δ = 0. When δ = 0, α = β and eq. (3.21) will determine the value of the parameter α. M-theory S-branes will therefore have only two parameters ω and θ. But because of the mismatch of the number of parameters (string theory branes have three whereas M-theory branes have two parameters), the dimensional reductions of M-theory S-branes will not reproduce string theory S-branes contrary to our expectations. We have pointed out in ref. [20], that the isotropic and localized string theory S-branes can be obtained only from the delocalized (anisotropic) SM-branes by direct (double) dimensional reductions.

3.1 Relation with the KMP solution In this subsection we will show that the solutions (3.22) match exactly with the KMP solutions [10] in d = 10. In d = 10, a = (p − 3)/2, q = 8 − p, χ = 32/(7 − p) for the space-like Dp-branes and so, the solutions (3.22) take the forms,

ds^2 = F^{p+18} (HH^′)^{27−p} ( −dt^2 + t^2dH^2_{8−p} ) + F^{− 7−p8} ( dx^2_1 + · · · + dx^2_{p+1} )

e^{2ϕ} = F^{3−p2} ( H H^′ )_{2δ}

F_{[q]} = b Vol(H_{8−p}) (3.25)

– 9 – with H = 1 − ω^{7−p}/t^{7−p}, H^′ = 1 + ω^{7−p}/t^{7−p} and F is as given in eq. (3.18). Also,

ω^{2(7−p)} = b^2 4(7 − p)^2(α + β)^2 sin^2 θ cos^2 θ

. (3.26)

The parameters satisfy the relation, 1 2 δ^2 + αβ 2 = 8 − p 7 − p (3.27)

where δ is given by α − β = aδ. Since the KMP metric is given in the string frame, we rewrite the metric in (3.25) also in string frame as,

ds^2 = F^{12} ( H H^′ ) δ_2 (HH^′)^{27−p} ( −dt^2 + t^2dH^2_{8−p} ) + F^{− 12} ( H H^′ ) δ_2 ( dx^2_1 + · · · + dx^2_{p+1} ) . (3.28) However, we note that this form of the metric is not quite the same as given in eq.(17) of ref. [10]. This is because the function F we have defined in (3.18) is not the same as F_{KMP} (see eq.(12) of ref. [10]) for the isotropic case. But we note that by defining α = 3n(p − 3) 2(7 − p) − m 2 β = − 3n(p − 3) 2(7 − p) − m 2 (3.29)

where m, n are two parameters used in [10], we can write,

F = cos^2 θ ( H H^′ )_α + sin^2 θ ( H^′ H )_β

= F_{KMP} ( H H^′ )^{2(p−4)n}_{7−p} . (3.30)

Substituting (3.30) in (3.28) we find that the string-frame metric takes the form,

ds^2 = F^{12}_{KMP} ( H H^′ )_n p−1_{7−p} (HH^′)^{27−p} ( −dt^2 + t^2dH^2_{8−p} ) + F^{− 12}_{KMP} ( H H^′ )_n ( dx^2_1 + · · · + dx^2_{p+1} ) (3.31) where we have used α − β = 6n(p − 3)/(2(7 − p)) = aδ, with δ = 6n/(7 − p) and the dilaton takes the form,

e^{2ϕ} = F^{3−p2} ( H H^′ )_{2δ} = F^{3−p2}_{KMP} ( H H^′ )_{pn} . (3.32)

The parameter relation (3.27) now reduces to

9n^2(p + 1) + m^2(7 − p) = 8(8 − p) . (3.33)

This is precisely the same form of the isotropic and localized space-like Dp-brane solutions in d = 10 obtained in ref. [10].

– 10 –

Now we show that the isotropic space-like NS-branes obtained in section 2.3 of ref. [10] also match with the solutions given in (3.22). We make an explicit comparison for the spacelike NS5-brane (since this is magnetically charged) and then mention how we compare the space-like NS1-brane solution. For the NS5-brane we have d = 10, p = 5, a = −1, q = 3 and χ = 16. The solution (3.22) therefore takes the form in string-frame,

ds^2 = F (HH^′) ( H H^′ ) δ_2 (

−dt^2 + t^2dH^2_3 ) + ( H H^′ ) δ_2 ( dx^2_1 + · · · + dx^2_6 )

e^{2ϕ} = F ( H H^′ )_{2δ}

F_{[3]} = b Vol(H_3) (3.34)

with the parameter relation as given in (3.21). From (3.29) we now find δ = −3n and from (3.30), F = F_{KMP}(H/H^′)^n. Substituting these in (3.34), we get the isotropic SNS5- brane solution as,

ds^2 = F_{KMP}(HH^′) ( H H^′ )_− n_2 ( −dt^2 + t^2dH^2_3 ) + ( H H^′ )_− 3n_2 ( dx^2_1 + · · · + dx^2_6 )

e^{2ϕ} = F_{KMP} ( H H^′ )_{−5n}

F_{[3]} = b Vol(H_3) . (3.35)

This is precisely the isotropic SNS5-brane solution given in eq.(23) of ref. [10] with k_2 = k_3 = k_4 = k_5 = k_6 = −n, k_1 + k̃ = n, k_1 − k̃ = m. The space-like NS1-brane solution can be obtained from the SNS5-brane solution of (3.22) and applying the transformations g_{μν} → g_{μν} , ϕ → −ϕ, F → e^ϕ ∗ F , q → d − q there (since this is electrically charged) and the solution then matches exactly with the isotropic SNS1-brane solution given in eq.(20) of [10]. Following a similar procedure M-theory S-branes obtained in [10] can also be shown to match with the solution (3.22).

3.2 Relation with the CGG solution

S-brane solutions in arbitrary dimensions have also been obtained by CGG in [11], but they used a different coordinate system from what we have used in this section. Although CGG solutions have the same symmetry ISO(p + 1) × SO(d − p − 2, 1) of the metric, their solutions depend only on t̂, which is the time coordinate of the transverse space and does not include the other (d − p − 2) transverse space-like coordinates. On the other hand, the solutions we have described depend on the time-like coordinate t = (t̃^2 − r^2)^{1/2} which includes all the d−p−1 transverse coordinates. However, since both the solutions have the same symmetry, it is reasonable to expect that there exists a coordinate transformation by which these solutions would map to each other. We will show that this is indeed true. But before we proceed, we should mention that the CGG solutions differ from the solutions we described in another respect. The CGG solutions are characterized by four parameters, whereas our solutions (3.22) are characterized by three parameters. The origin of this difference is that unlike in our case, where we assumed that metric becomes flat

– 11 – and e^{2ϕ} → 1 as t → ∞, CGG solutions do not have this property. In order to compare our solutions with the CGG solutions, we will impose the same boundary condition in the CGG solutions and then the latter solutions will also have three parameters in them and the two solutions will become identical under a coordinate transformation.

The general S-brane solutions obtained by CGG are given as [11],

ds^2 = [ sinh(q − 1)t̂

]_−^{2q}_{q−1} [(d − 2)χα̃^2 (q − 1)b^2

]_−^{2(p+1)}_{(q−1)χ} [ cosh χα̃ 2 (t̂ − t_0)

]^{4(p+1)} (q−1)χ e^{2a(p+1)} (q−1)χ (c1t̂+c2) × × ( −dt̂^2 + sinh^2(q − 1)t̂dH^2_q ) + + [ (d − 2)χα̃^2 (q − 1)b^2

] 2_χ [

cosh χα̃ 2 (t̂ − t_0)

]_− 4_χ e^{− 2aχ (c1t̂+c2)} ( dx^2_1 + · · · + dx^2_{p+1} ) (3.36)

e^{2ϕ} = [ (d − 2)χα̃^2 (q − 1)b^2 ]^{2a(d−2)} (q−1)χ [ cosh χα̃ 2 (t̂ − t_0) ]_−^{4a(d−2)} (q−1)χ e^{[2− 2a} 2(d−2) (q−1)χ ](c1t̂+c2) (3.37)

F_{[q]} = b Vol(H_q) . (3.38)

These solutions are characterized by five parameters α̃, t_0, c_1, c_2, b with a relation between α̃ and c_1 of the form, (p + 1)c^2_1 χ + χα̃^2(d − 2) 2(q − 1)

= q(q − 1) . (3.39)

We will map this solution to (3.22) by a coordinate transformation given as,

t̂ = − 1 q − 1 ln H H^′ (3.40)

From (3.40) we obtain, [ sinh(q − 1)t̂ ]_− 2q_{q−1} ( −dt̂^2 + sinh^2(q − 1)t̂ dH^2_q ) = (HH^′)^{2q−1} (2^{1q−1} ω)^2 ( −dt^2 + t^2 dH^2_q ) . (3.41)

Now comparing the transverse part of the metric in (3.36) and (3.22) and also using (3.41) we find that they match if we identify,

F = cos^2 θ ( H H^′ )_α + sin^2 θ ( H^′ H )_β = cos^2 θe^{−α(q−1)t̂} + sin^2 θe^{β(q−1)t̂} ≡ [ (d − 2)χα̃^2 (q − 1)b^2

]_− 1_2 [

cosh χα̃ 2 (t̂ − t_0) ] e^{a2 (c1t̂+c2)} ( 2^{1q−1} ω

)_−^{(q−1)χ}_{2(p+1)} . (3.42)

Note that with this identification the longitudinal parts of the metric in the two solutions also match if we rescale the coordinates x_i, for i = 1, . . . , p + 1 in (3.22) by x_i → x_i/(2^{1/(q−1)}ω)^{(q−1)/(p+1)}. We relate the parameters in the two solutions from (3.42) as, α = 1 2(q − 1) (χα̃ − ac_1) β = 1 2(q − 1)

(χα̃ + ac_1) . (3.43)

– 12 –

We also get from there,

cos^2 θ = 1 2 e^{χα̃2 t0+ ac22} [ (d − 2)χα̃^2 (q − 1)b^2

]_− 1_2 (

2^{1q−1} ω

)_−^{(q−1)χ}_{2(p+1)}

sin^2 θ = 1 2 e^{− χα̃2 t0+ ac22} [ (d − 2)χα̃^2 (q − 1)b^2

]_− 1_2 ( 2^{1q−1} ω

)_−^{(q−1)χ}_{2(p+1)} . (3.44)

From (3.43) we obtain, be

α̃ =

(q − 1) χ (α + β) and ac_1 = −(q − 1)(α − β) , or c_1 = −(q − 1)δ . (3.45)

Using (3.45) the parameter relation (3.39) reduces to

(p + 1)c^2_1 χ + χα̃^2(d − 2) 2(q − 1) = q(q − 1) ⇒ 1 2 δ^2 + 2α(α − aδ)(d − 2) χ(q − 1) = q q − 1 . (3.46)

This is precisely the parameter relation we obtained in (3.21). On the other hand from (3.44) we obtain,

tan θ = e^{− χα̃2 t0}

2^{1q−1} ω = e^{a(p+1)} (q−1)χ c2 [ cosh^{χα̃}_2 t_0

]^{2(p+1)} (q−1)χ [_{(d−2)χα̃2} (q−1)b^2 ] p+1_{(q−1)χ} . (3.47)

Comparing the dilaton expressions (3.37) and (3.22) we further find that they match provided, ( 2^{1q−1} ω )^{a(d−2)}_{p+1} = e^{c2} . (3.48)

Eliminating ω in the last relation in (3.47) and (3.48), c_2 gets fixed in terms of other parameters in the CGG solutions as,

c_2 = a(d − 2) 2(p + 1)(q − 1) ln [ (q − 1)b^2 (d − 2)χα̃^2 cosh^2 χα̃ 2 t_0 ] . (3.49)

This shows that if we map the CGG solutions to the solutions (3.22) then one of the parameters of the CGG solutions gets removed and we are left with three parameter solutions. The origin of this phenomenon is the fact that while mapping the CGG solutions to (3.22) we are imposing the same boundary condition ( the metric becoming flat and e^{2ϕ} → 1 as t → ∞ ) to the CGG solutions and this removes an additional freedom in the CGG solutions. Thus we have performed a complete mapping of the CGG solutions described by the parameters α̃, c_1, t_0, b (with a relation between α̃ and c_1) to the solutions obtained

– 13 – in (3.22) described by the parameters α, δ, ω, θ (with a relation between α and δ). The parameters in these two solutions are related by

c_1 = −(q − 1)δ

α̃ = (q − 1)(2α − aδ) χ t_0 = − 2 (q − 1)(2α − aδ) ln tan θ

b = 4ω^{q−1}(2α − aδ) √ (d − 2)(q − 1) χ sin θ cos θ . (3.50)

Note that these relations are exactly the same in d = 10 as obtained in eq.(3.17) of ref. [12].

4. Another non-extremal euclidean brane solutions

In this section we will discuss another class of non-extremal euclidean brane (other that the one discussed in section 3) solutions of the equations of motion (2.2)–(2.4). As opposed to the solutions obtained in (2.2), these solutions will not be real and we will interpret the corresponding real solutions as the non-extremal E-brane solutions of type-II^∗ theories when the form fields are in the RR sector. In the previous section we found from the consistency of the equations of motion that the non-extremality function G(t) must be restricted by the equation (3.9). If we do not assume G(t) → 1 as t → ∞, then G(t) could take the form, G(t) = ω^{2(q−1)} t^{2(q−1)} = H^2(t) (4.1)

where H(t) = ω^{q−1}/t^{q−1} is a harmonic function in the (q +1)-dimensional transverse space. One of the motivations for constructing such solutions was to look at the solutions (3.22) in the t → 0 limit. It is known that for the static BPS D3-brane r → 0 limit gives rise to the AdS_5 × S^5 solution of type-IIB supergravity. Similarly for the time dependent solutions t → 0 limit can be expected to give de Sitter type solution. However, it is clear from the solutions (3.22) that it is not possible to take t → 0 limit directly as this will make H = 1 − ω^{q−1}/t^{q−1} negative and so the solutions will not remain real. One way to avoid the constant term in G(t) (given in (3.10)) is to consider the solution of eq. (3.9) of the form given in (4.1). However, we will see that even this form of G(t) does not lead to real solutions of type-II supergravities.

Now comparing B and ϕ equations (3.5) and (3.8) we obtain, ϕ = a(d − 2) q − 1 B . (4.2)

Using the form of G in (4.1) and ϕ in (4.2) and assuming B to be of the form B = α ln H, where α is a parameter to be determined from the equations of motion, we find that eq. (3.5) reduces to,

α(q − 1)^2ω^{2(q−1)} + b^2(q − 1) 2(d − 2) t^{2(q−1)}ω^{αχ(q−1)} t^{αχ(q−1)}ω^{2(q−1)} = 0 . (4.3)

– 14 –

This equation can be solved if αχ = 2 and then the solution is

ω^{2(q−1)} = − b^2χ 4(d − 2)(q − 1)

. (4.4)

Note that since χ > 0, the harmonic function H will be real only if b^2 < 0, or, b is purely imaginary. This implies that the field-strengths are purely imaginary. It can be easily checked that the R_{tt} equation (3.7) is automatically satisfied with this solution. Now since α = 2/χ we have, A = − p + 1 q − 1 B + ln H^2 = ln H^{− 2(p+1)(q−1)χ +2} (4.5)

and so, e^{2B} = H^{4χ} , e^{2A} = H^{− 4(p+1)(q−1)χ +4} . (4.6)

The complete solutions therefore are given as,

ds^2 = H^{− 4(p+1)χ(q−1) +4} ( −dt^2 + t^2dH^2_{d−p−2} ) + H^{4χ} ( dx^2_1 + · · · + dx^2_{p+1} ) e^{2ϕ} = H^{4a(d−2)(q−1)χ} F_{[q]} = b Vol(H_q) (4.7)

where b is purely imaginary. These solutions look very similar to the extremal solutions obtained in eq. (3.20). The powers of the harmonic functions in these two solutions differ by a sign and there is an additional H^4 factor in front of the transverse part of the metric in (4.7). This extra H^4 factor is due to the presence of the non-extremality function G(t) which was absent for the solution (3.20). However, note that the harmonic functions H(t) in these two solutions are different in general. They match only in the limit t → 0. Also for the extremal solutions (3.20), H(t) → 1 for t → ∞ and the metric becomes flat, but for the solutions (4.7), t → ∞ limit is ill-defined. Eq. (4.7) represent non-extremal euclidean branes and as discussed at the end of section 2, when the field-strengths belong to the RR sector, we can interpret the real solutions as E-branes of type II^∗ theories.

5. Conclusion

To summarize, in this paper we have constructed various time dependent solutions of supergravity equations of motion containing a dilaton and a q-form field-strength in arbitrary dimensions. We have directly solved the non-linear equations of motion (unlike the method used in [10]) of the corresponding action. The metrics are assumed to have the symmetries ISO(p + 1) × SO(d − p − 2, 1) and the field-strengths are assumed to be magnetic, so, they represent the (p + 1)-dimensional magnetically charged euclidean branes. We found that when the metric components satisfy an extremality condition, similar to the static BPS p-branes, then the magnetic charges of these solutions become imaginary. But when the field-strengths belong to the RR sector, these solutions can become real if we think of them as the solutions of the so-called ‘starred’ theories instead of the ordinary type-II theories. In that case the solutions would represent Ep-branes of type-II^∗ theories. We found that

– 15 – this problem does not arise if we relax the extremality condition and in that case we obtained real time-dependent solutions of the type-II supergravity equations of motion. These solutions are the generalizations of the supergravity Sp-brane solutions obtained by KMP (in d = 10) to arbitrary dimensions. We observed that in order to solve the equations of motion consistently we need to introduce at least three parameters, whose physical meanings are not clear to us. These solutions (as pointed out in [10]) have generic singularities at t = ω, whose resolution is an important open problem to understand. We showed how our solutions exactly reduce to the solutions found by KMP in d = 10. Sp-brane solutions in a different coordinate systems were also obtained by CGG [11] in arbitrary dimensions. However, the solutions in [11] are characterized by four parameters instead of three as in our case. This difference is due to the use of different boundary conditions in these two sets of solutions. When we used the same boundary conditions we showed that the CGG solutions get mapped exactly to our solutions by a coordinate transformation given in (3.40). We have also given the relations between the parameters in these two solutions. Finally, we have obtained another class of non-extremal euclidean brane solutions. These solutions are not real and as before when the field-strengths belong to the RR sector, they can be made real by interpreting them as the non-BPS Ep-brane solutions of type-II^∗ string theories. We pointed out similarities of these non-extremal solutions and the extremal solutions obtained in section 2.

Acknowledgments

We would like to thank Sudipta Mukherji for discussions.

References

[1] H. Lu, S. Mukherji, C.N. Pope and K.W. Xu, Cosmological solutions in string theories, Phys.

Rev. D 55 (1997) 7926 [hep-th/9610107];

H. Lu, S. Mukherji and C.N. Pope, From p-branes to cosmology, Int. J. Mod. Phys. A 14 (1999) 4121 [hep-th/9612224];

A. Lukas, B.A. Ovrut and D. Waldram, Cosmological solutions of type-II string theory, Phys. Lett. B 393 (1997) 65 [hep-th/9608195]; String and M-theory cosmological solutions with ramond forms, Nucl. Phys. B 495 (1997) 365 [hep-th/9610238];

K. Behrndt and S. Förste, String Kaluza-Klein cosmology, Nucl. Phys. B 430 (1994) 441 [hep-th/9403179].

[2] V.D. Ivashchuk and V.N. Melnikov, Exact solutions in multidimensional gravity with antisymmetric forms, Class. and Quant. Grav. 18 (2001) R87 [hep-th/0110274].

[3] C.P. Burgess, F. Quevedo, S.J. Rey, G. Tasinato and I. Zavala, Cosmological spacetimes from negative tension brane backgrounds, J. High Energy Phys. 10 (2002) 028 [hep-th/0207104]; C.P. Burgess, C. Núñez, F. Quevedo, G. Tasinato and I. Zavala, General brane geometries from scalar potentials: gauged supergravities and accelerating universes, J. High Energy Phys. 08 (2003) 056 [hep-th/0305211].

[4] J. Khoury, B.A. Ovrut, N. Seiberg, P.J. Steinhardt and N. Turok, From big crunch to big bang, Phys. Rev. D 65 (2002) 086007 [hep-th/0108187];

– 16 –

V. Balasubramanian, S.F. Hassan, E. Keski-Vakkuri and A. Naqvi, A space-time orbifold: a toy model for a cosmological singularity, Phys. Rev. D 67 (2003) 026003 [hep-th/0202187]; N.A. Nekrasov, Milne universe, tachyons and quantum group, Surveys High Ener. Phys. 17 (2002) 115 [hep-th/0203112];

L. Cornalba and M.S. Costa, A new cosmological scenario in string theory, Phys. Rev. D 66 (2002) 066001 [hep-th/0203031];

L. Cornalba, M.S. Costa and C. Kounnas, A resolution of the cosmological singularity with orientifolds, Nucl. Phys. B 637 (2002) 378 [hep-th/0204261];

O. Aharony, M. Fabinger, G. Horowitz and E. Silverstein, Clean time dependent string backgrounds from bubble baths, hep-th/0204158;

H. Liu, G. Moore and N. Seiberg, Strings in a time dependent orbifold, hep-th/0204168.

[5] A. Strominger, The ds/CFT correspondence, J. High Energy Phys. 10 (2001) 034 [hep-th/0106113]; Inflation and the dS/CFT correspondence, J. High Energy Phys. 11 (2001) 049 [hep-th/0110087].

[6] D. Klemm, Some aspects of the de Sitter/CFT correspondence, Nucl. Phys. B 625 (2002) 295 [hep-th/0106247].

[7] V. Balasubramanian, J. de Boer and D. Minic, Mass, entropy and holography in asymptotically de Sitter space, hep-th/0110108.

[8] M.-I. Park, Statistical entropy of three-dimensional Kerr-de Sitter space, Phys. Lett. B 440 (1998) 275 [hep-th/9806119]; Symmetry algebras in Chern-Simons theories with boundary: canonical approach, Nucl. Phys. B 544 (1999) 377 [hep-th/9811033].

[9] M. Gutperle and A. Strominger, Spacelike branes, J. High Energy Phys. 04 (2002) 018 [hep-th/0202210].

[10] M. Kruczenski, R.C. Myers and A.W. Peet, Supergravity s-branes, J. High Energy Phys. 05 (2002) 039 [hep-th/0204144].

[11] C.-M. Chen, D.V. Gal’tsov and M. Gutperle, S-brane solutions in supergravity theories, Phys.

Rev. D 66 (2002) 024043 [hep-th/0204071].

[12] S. Roy, On supergravity solutions of space-like Dp-branes, J. High Energy Phys. 08 (2002) 025 [hep-th/0205198].

[13] N. Ohta, Accelerating cosmologies from S-branes, Phys. Rev. Lett. 91 (2003) 061303 [hep-th/0303238].

[14] S. Roy, Accelerating cosmologies from M/string theory compactifications, Phys. Lett. B 567 (2003) 322 [hep-th/0304084].

[15] C.G. Callan Jr., R.C. Myers and M.J. Perry, Black holes in string theory, Nucl. Phys. B 311 (1989) 673.

[16] E. Bergshoeff, C.M. Hull and T. Ortin, Duality in the type-II superstring effective action, Nucl. Phys. B 451 (1995) 547 [hep-th/9504081].

[17] J.C. Breckenridge, G. Michaud and R.C. Myers, More D-brane bound states, Phys. Rev. D 55 (1997) 6438 [hep-th/9611174].

[18] See for example, M.J. Duff, R.R. Khuri and J.X. Lu, String solitons, Phys. Rept. 259 (1995) 213 [hep-th/9412184].

– 17 –

[19] C.M. Hull, Timelike t-duality, de Sitter space, large-N gauge theories and topological field theory, J. High Energy Phys. 07 (1998) 021 [hep-th/9806146].

[20] S. Roy, Dimensional reductions of M-theory S-branes to string theory S-branes, Phys. Lett. B 576 (2003) 199 [hep-th/0305175].

– 18 –